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Abstract 

For the most general off-shell N = 2 supersymmetric cr- model in projective su- 
perspace, we elaborate on its formulation in terms oi M = 1 chiral superfields. A 
universal (model-independent) expression is obtained for the holomorphic symplec- 
tic two-form, which determines the second supersymmetry transformation. This 
two-form is associated with the two complex structures of the hyperkahler target 
space, which are complimentary to the one used to realize the target space as a 
Kahler manifold. 
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A few years ago, Lindstrom and Rocek [T] uncovered fascinating properties of A/" = 2 
supersymmetric cj-models in projective superspace [21 |3l H], building on the geometric 
methods developed some twenty years earlier in [5]. Here we will show how to derive such 
properties by using only the considerations of supersymmetry and duality. 

The most general off-shell H = 2 supersymmetric nonlinear cr-model in projective 
superspace [5] can be realized in terms of polar supermultiplets (see, e.g., [Bj for a review 
of the projective superspace approach). The corresponding action can naturally be re- 
formulated in A/^ = 1 superspace and has the form [3] 

5[T,t] = ±^^ I d'xd'9C{T',fJ,C) , (1) 

where ( is the inhomogeneous complex coordinate for CP^, and the arctic T(C) and 
antarctic T(C) dynamical variables are generated by an infinite set of ordinary Af = 1 
superfields: 

oo oo -. 

T(C) = J]T„C = $ + SC + 0(C') , t(C) = 5^T„(-C)-" = <l--S + 0(r^). (2) 

n=0 n=0 ^ 

Here $ := Tq is chiral, -D^$ = 0, S := Ti is complex linear, D^S = 0, while the 
remaining components, T2, T3, . . . , are unconstrained complex A/" = 1 superfields. The 
latter superfields are auxiliary, since they appear in the action without derivatives. 

Although the cr-model ([T]) was first introduced in 1988 [5], for some ten years it re- 
mained a purely formal construction, because there existed no technique to eliminate the 
auxiliary superfields contained in T^, except in the case of Lagrangians quadratic in 
and T^. This situation changed in the late 1990s when refs. [3 El [9] identified a subclass 
of models ([T]) with interesting geometric properties. They correspond to the special case 

C{T^,f^~,C) = K{T^,f^~) , (3) 

where K(^^^ , is the Kahler potential of a Kahler manifold V. The target space of the 
corresponding Af = 2 supersjTumetric cr-model ([T]) can be shown to be (a neighborhood of 
the zero section of) the cotangent bundle T*V [3 [8], [9]. For these models one can develop a 
simple procedure to eliminate the auxiliary superfields in perturbation theory, and exactly 
in the case when V is an arbitrary Hermitian symmetric space [HI |9l HOl [HI [121 [E] • For 
the (T- model associated with an arbitrary $) , one can also develop its formulation in 
terms of A/" = 1 chiral superfields by making use of the considerations of supersymmetry 
and duality [HI [15] . Here we extend the approach of [15] to the case of arbitrary Af = 2 
supersymmetric a- models ([1]). 
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We assume that the the auxihary superfields in the model ([T]) have been ehminated. 
Then, the action ([1]) turns into 

S = J d^xd'^9U<^^,^'\¥,f:^~) , (4) 

for some Lagrangian L. 

The action ([T]) is manifestly A/" = 1 supersymmetric, and is also invariant under the 
off-shell second supersymmetry transformation [3] (see also IH] for a detailed derivation): 

6To = £• D"Ti , ST^ = -e'^D^T, + e^D^T^ , (5a) 
ST, = -£"D,T,_i + D"T,+i , A; > 1 . (5b) 

Upon elimination of the auxiliary superfields, this supersymmetry transformation takes 
the form 

S<^' = £.D"S^ , SE' = -e-D^<!>' + £-5"T^(<l>, S, $, S) , (6) 

where T2 is now a composite field. In general, the explicit form of T2($, S, $, S) is not 
known. However, if eq. ([3]) holds and if(<l>, $) is the Kahler potential of an Hermitian 
symmetric space, then it can be shown P, E] that 

T^($,$,s,s) = -ir5,,($,<J)s^s^ , (7) 

with rjj^($, $) the Christoffel symbols for the Kahler metric gjj{^, $). 

It can be shown that the action (jl]) is invariant under the transformation ([6]) if the 
following conditions hold: 

dh OIL dTi dE , , 



dh dh dT^ dE 



for some function S($, S, $, S) which is determined, up to a constant, in terms of L and 
Tg. In the case ([3]) the equations ([8]) can be used to determine L and T2 [HI [T5] . 

To uncover the explicit structure of the hyperkahler target space associated with the a- 
model (jlj), we should construct a dual formulation of the theory (jll) obtained by dualizing 
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each complex linear superfield and its conjugate into a chiral-antichiral pair 
and ^j. This is accomplished through the use of the first-order action 

^first-order = J dS d^^ { L ($, <l, S, S) + + jS^" } . (9) 

Here is an unconstrained complex superfield, while is chiral, j = 0. This model 
is equivalent to dl]). Indeed, varying S'srst-order with respect to gives Z)^S^ = and 
then reduces to the original theory, eq On the other hand, we can integrate out 
S's and their conjugates using their equations of motion 

^L($,I>,S,E) +vl/, = , (10) 

which can be used to express S's and their conjugates in terms of the other fields, = 
S^($, $, This leads to the dual action 

^duai = j d'xd''dK{<^',^j,^',^j) . (11) 

It can be shown that the second supersymmetry of the original theory, eq. ([6]), turns into 
the following symmetry of the first-order action ([9]): 

5$^= iD^je^S^} , (12a) 
= -e'^D^^' + £-D"T^($, S, $, S) , (12b) 

Using the standard properties of the Legendre transformation, we then derive the second 
supersymmetry transformation of the dual theory fill I) . It has the form 

5^^ = -D^W^] , S^, = --D^-ee^] . (13) 
2 19^//' 2 I 9$^ / ^ ' 

Finally, if we introduce the condensed notation (p°- := ($^ , \I'/) and 0" = , ^j), as well 
as the symplectic matrices 



rrafe irab 



1] 

I 1 Ja6 — JJnb — I 

-10/ V -1 



(14) 



then the supersymmetry transformation (fT3|) can be rewritten as 



^Dieer'^A. (15) 
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At this stage we should recall the classic results of [TB] on the formulation of the most 
general Af = 2 supersymmetric cr-model in terms of A/" = 1 chiral superfields. Let us 
denote by the hyperkahler target space of such a cr-model. To realize the cr-model in 
Af = I superspace, we have to pick out an integrable complex structure on Ai, say J3, 
and introduce associated local complex coordinates 0° in which J3 takes the form 

The other complex structures, Ji and J2, can be chosen as 

yg^^Ucb J y-ig'^^Ucb J 

where O0ab{4') and u}ab{(p) are covariantly constant two-forms on A4 such that 

c^'^Uft = -5\ , oo''\<l>) ■■= 9'''i<l>, 4>)g'\4>, 4>) OJ-M) ■ (18) 

We denote by ]K(0'^, 0^) the Kahler potential on AA with respect to J3. Then the Af = 2 
supersymmetric cr-model is described by the action 

S = j d^xd^^K((/)^0^) , = . (19) 

It is invariant under a second supersymmetry which, modulo a trivial symmetry transfor- 
mation, can be chosen in the form [16] 



Comparing the relations ( 1151) and ( 1201) gives 

U^\<P)=r' =^ UJab{<P)=hb- (21) 

We conclude that the holomorphic symplectic two-form 0;*^^'°^ of the hyperkahler target 
space coincides with the canonical holomorphic symplectic two-form, 

a;(2.0) .- 1^^^ d(^a ^ ^^b ^ ^^I ^ _ ^22) 

The chiral superfields $^ and are Darboux coordinates for oj^^'^^ 

The above consideration shows how to reconstruct, in principle, an A/" = 2 supersym- 
metric cr-model of the type (j4]) starting from an arbitrary hyperkahler manifold AA. This 
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requires implementing the following steps: (i) pick out a complex structure J3 to realize 
Ai as the Kahler manifold with respect to J3; (ii) introduce Darboux coordinates for u^"^'^^ 
and then construct the cr-model (fTTj) : (iii) perform the inverse Legendre transformation 
(or the chiral-linear duality, following the terminology of [17]) with respect to the variables 
\['/ and their conjugates. However, our consideration seems to give no clue as to how to 
reconstruct the off-shell action ([1]) except for the case when the Lagrangian in ([1]) has no 
explicit ^-dependence, eq. (|3]). In that case, the hyperkahler potential has the general 
form (see, e.g., [T5] ) 

00 

n=l 

where $) = (7^"^($, $) and the coefficients H^^'"^"-^^'"-^"^, for n > 1, are tensor func- 

tions of the Kahler metric gij{^, $) = djdjK{^, $), the Riemann curvature RjjkL 5*) 
and its covariant derivatives. 

A remarkable result of Lindstrom and Rocek is that they showed that the Af = 2 
superfield Lagrangian in ([1]) can be identified with the generating function of a twisted 
symplectomorphism associated with the symplectic two-form 

n = uj^^'^^ + Ca;(^'^) - C'a;(°'2) , (24) 

where uj^^'^'^ is the Kahler form associated with J3 and cj^^'^) := ia;^^ d0" Ad0^. This allows 
in principle to restore the Lagrangian in ([T]) starting from M., however a constructive 
procedure is not yet available. 

The analysis of this paper can naturally be extended to the case of massive M = 2 
supersymmetric cr-models in projective superspace [18j . 
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